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Fractal/non-fractal morphological transitions allow for the systematic study of the physics be-
hind fractal morphogenesis in nature. In these systems, the fractal dimension is considered a non-
thermal order parameter, commonly and equivalently computed from the scaling of the two-point
radial- or angular-density correlations. However, these two quantities lead to discrepancies dur-
ing the analysis of basic systems, such as in the diffusion-limited aggregation fractal. Hence, the
corresponding clarification regarding the limits of the radial/angular scaling equivalence is needed.
In this work, considering three fundamental fractal/non-fractal transitions in two dimensions, we
show that the unavoidable emergence of growth anisotropies is responsible for the breaking-down of
the radial/angular equivalence. Specifically, we show that the angular scaling behaves as a critical
power-law, whereas the radial scaling as an exponential that, under the fractal dimension interpre-
tation, resemble first- and second-order transitions, respectively. Remarkably, these and previous
results can be unified under a single fractal dimensionality equation.
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I. INTRODUCTION
In his celebrated book, “On Growth and Form”, D’arcy
Thompson suggested that natural selection was not the
only factor shaping the biological development of species,
but that in nature, “no organic forms exist save such as
are in conformity with physical and mathematical laws”
[1, 2]. Since then, some of the most important scien-
tific endeavours of the modern era have dealt with the
exploration of the fundamental physical processes be-
hind morphogenesis, the establishment of the mathemat-
ical tools for their analysis, and the development of ap-
propriate control mechanisms for their further scientific
and technological application [3, 4]. As complex as this
problem is, the study of diverse systems using the con-
cepts and tools of fractal geometry, dynamical systems,
and out-of-equilibrium physics, along with the develop-
ment of ad-hoc computational models, has led to the
discovery of fundamental pattern-formation mechanisms
[5–7]. Among these, Laplacian growth stands as one of
the most remarkable, given it’s capability to reproduce
the intricate fractal patterns observed in seemingly un-
related living and non-living systems (such as bacterial
colonies, mineral deposition, viscous fingering, and di-
electric breakdown) [3, 8–10]. Even with relevant applica-
tions in current neuroscience and cancer research [11–13].
However, a similar universality or unification in terms of
a general analytical framework for the study of the frac-
tal morphodynamics of these systems has been elusive
[7, 10].
To understand this problem, let us first recall that
in the Laplacian framework – as originally introduced
in the dielectric breakdown model (DBM) [14–17] – the
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growth is controlled via a growth-probability distribu-
tion, σ ∝ |∇φ|η. Here φ is a scalar field associated to the
potential energy landscape of the growing surface, and η
is a positive real parameter associated to non-linear ef-
fects. As η changes from zero to infinity, different struc-
tures emerge for a given set of initial boundary condi-
tions. For example, considering an initial seed-point in
two dimensions, different values of η generate either ho-
mogeneous growth of compact clusters (η = 0), unstable
growth of dendritic-shaped fractals (η ∼ 1), or highly
anisotropic growth of linear clusters (η ≈ 4) [10, 17] (see
Fig. 1a). Hence, as a function of the control parameter η,
these structures define what it is refer to as a continuous
morphological transition.
While these DBM clusters define one of the most fun-
damental morphological transitions, they are not unique.
In fact, the identification of the most basic growth mech-
anisms that give origin to fractal clusters has lead to the
generation of diverse fractal/non-fractal morphological
transitions [18, 19]. For instance, the combination of the
stochastic growth dynamics of the fundamental diffusion-
limited aggregation (DLA) [20] or ballistic aggregation
(BA) [21] models, with the highly energetic growth dy-
namics of the mean-field (MF) aggregation model (see
Fig. 1b), have led to the creation of the non-trivial BA-
MF and DLA-MF morphological transitions [18]. In
these systems, the transition is controlled through the
probability of aggregation under MF dynamics or mix-
ing parameter, p, that continuously goes from p = 0
(BA/DLA) to p = 1 (MF), see Fig. 2.
Generally, given the complex morphodynamics of these
systems, most characterization approaches rely on the
numerical estimation of the fractal dimension, D, as a
function of system-specific growth parameters (e.g. η or
p). So far, there is no theoretical or analytical approach
able to unify the numerical results obtained through di-
verse methodologies into a single framework. For exam-
2FIG. 1. Models. (a) Two-dimensional Laplacian or DBM
clusters for characteristic values of the parameter, η, and cor-
responding fractal dimension, D. (b) Clusters generated by
the BA, DLA, and MF particle-aggregation models. In BA,
particles follow straight-line trajectories before aggregating
on contact to an initial seed particle; in DLA, particles follow
random-walk trajectories, and in MF, particles are immedi-
ately aggregated to the closest one along its direction of mo-
tion due to an infinite attractive interaction. Here, rL(≫ 1)
is the launching radius circle. (c) Sketch of the corresponding
growth dynamics for each column. Arrows point towards the
preferential growth directions.
ple, one standard characterization method consists on
the estimation of the fractal dimension from the scaling
of quantities such as the two-point radial-density corre-
lation, C(r) [7]. This correlation is known to behave as
C(r) ∼ r−αr , and the fractal dimension is obtained from
Dr = d−αr, with d being the Euclidean dimension of the
embedding space. In a similar approach, the two-point
angular-density correlation function, CR(θ), is regarded
as an equivalent method to estimate the fractal dimen-
sion of these structures [22–24]. For θ ≪ 1, the angular
correlation is also known to behave as CR(θ) ∼ θ−αθ , and
the fractal dimension is obtained from Dθ = d−αθ, with
R being a distance relative to a certain origin [23, 24].
Clearly, both expressions for the angular/radial scaling
indicate that αr = αθ (or Dr = Dθ). However, sig-
nificant discrepancies [23–28] have been observed in the
fundamental two-dimensional DLA model (or DBM with
η = 1). In particular, the angular scaling is consistently
reported as αθ = 0.41 [23, 24], leading to Dθ = 1.59,
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FIG. 2. BA/DLA-MF transitions. Typical clusters
formed in the (a) BA-MF and (b) DLA-MF morphological
transitions, for the indicated values of the mixing parameter,
p. Aggregated particles that followed the MF dynamics are
coloured in green. The inside of the dashed circle (of radius
R = 200 particle diameters) is the region of analysis in this
study. For further details, see Methods.
whereas the radial measurement is reported as, αr ≈
0.29, which leads to Dr = 1.71, the accepted fractal di-
mension for this model [10].
Therefore, in this work we study the limits of this ra-
dial/angular equivalence in order to provide some insight
into the origin of the previously observed discrepancy and
the possibility of a unified and consistent radial/angular
description. To this end, we make use of a recently in-
troduced mathematical model for the fractal dimension,
D, of structures that undergo a continuous geometrical
(symmetry-breaking) transformation as function of an ef-
fective control parameter, Φ [18]. This model relies on a
single dimensionality function, D(D0,Φ), given by,
D(D0,Φ) = 1 + (D0 − 1)e
−Φ. (1)
Here, D0(≤ d) is the dimension of the initial configura-
tion, and Φ is a function that encodes all the information
regarding the order/disorder elements of the growth dy-
namics. It has the form,
Φ(D0, ζ) = Φ0ζ
χ, (2)
where, ζ is the control parameter of the transition (e.g. η
or p), and Φ0 = Λ/D0, with Λ and χ being two character-
3istic parameters associated to the amplitude and steep-
ness of the scaling dynamics, respectively.
Our analysis is focused on three examples: the BA-
MF, DLA-MF, and the DBM transitions. Special atten-
tion is paid to the analytical treatment that D(D0,Φ)
provides to the angular fractal dimensions as a function
of the corresponding control parameters. These results
are compared to the radial scaling description (obtained
in a previous analysis [18]) in order to determine their
degree of equivalence and complementarity. In particu-
lar, we also look into their levels of predictability, this
is, the extent to which the knowledge of just one of the
radial or angular measurements predicts the other one.
Afterwards, the role of the fractal dimension as an order
parameter is treated. Finally, a complete scaling or frac-
tality framework (which incorporates additional radius
of gyration and mean-field results) is presented, reveal-
ing remarkable universal features.
II. METHODS
A. Growth models
As described in previous work [18], in all simulations,
each particle has a diameter equal to one (the basic unit
of distance of the system). For BA or MF (see Fig 1b),
we follow a standard procedure in which particles are
launched at random from the circumference of a circle of
radius rL = 2rmax+ δ, with equal probability in position
and direction of motion. Here, rmax is the distance of the
farthest particle in the cluster with respect to the seed
particle placed at the origin. In our simulations we used
δ = 1000 particle diameters to avoid undesired screening
effects. For MF, particles always aggregate to the clos-
est particle in the cluster with respect to their incoming
path. This is determined by the projected position of
the aggregated particles along the direction of motion of
the incoming particle (see Fig 1b). In the case of DLA,
particles were launched from a circumference of radius
rL = rmax + δ, with δ = 100. The mean free path of the
particles is set to one particle diameter. We also used a
standard scheme that modifies the mean free path of the
particles as they wander at a distance larger than rL or
in-between branches, as well as the common practice of
setting a killing radius at rK = 2rL in order to speed up
the aggregation process.
In order to mix different aggregation dynamics, a
Monte Carlo scheme of aggregation is implemented using
the BA, DLA and MF models. The combination between
pairs of models results in the DLA-MF and BA-MF tran-
sitions, controlled by the mixing parameter p ∈ [0, 1],
associated with the probability or fraction of particles
aggregated under MF dynamics, p = NMF/N , where N
is total number of particles in the cluster. Therefore,
as p varies from p = 0 (pure stochastic dynamics given
by the BA or DLA models) to p = 1 (purely energetic
dynamics given by the MF model), it generates the two
transitions under analysis (Fig. 2). The evaluation of
the aggregation scheme to be used is only updated once
a particle has been successfully aggregated to the cluster
under such dynamics.
B. Angular correlation and scaling analysis
To measure the angular correlation we followed the
definition [23]:
CR(θ) =
1
N
K/2∑
n=1
ρR(θ)ρR(θ + nδθ).
Here ρR(θ) is the number of particles contained in a
box of size δRδθ, centred at (R, θ), and N is the size
of the cluster. For the data shown in Figs. 3a and 3b, we
used RdRdθ ≈ Npi/4. The size of the counting box is
evaluated from the relation Npi/4 = fR2 · 2pi/K, hence
K = 8fR2/N . Here, N is some number of particles (de-
termined heuristically), K determines dθ (dθ = 2pi/K),
and f sets dR (dR = fR). For the calculations presented
in this work, we used N = 3 and f = 0.1 for computing
cR(θ), R = 7, 9, 11, 13, 15; N = 10 and f = 0.1 for com-
puting CR(θ), R = 20, 40, 60, 80 and N = 25; and f =
0.05 for computing CR(θ), R = 100, 125, 150, 175, 200.
In Figs. 3a and 3b, each curve is the average of 128
clusters, i.e., we used 128 clusters for each value of p
(16 different values of the latter), and for each growth
dynamics (either BA/MF or DLA/MB), which accounts
for 4096 clusters in total. Here, we want to remark that
all our measurements were performed upon fully grown
clusters, that is, clusters of 1.5 × 105 particles with a
size of R ≥ 366 particle diameters and radial distances
of r ≤ R + δR = 200 + 20 in order to avoid undesirable
border effects.
Regarding the angular scaling analysis (Figs. 3c and
3d), the angular scaling exponent, αθ(p,R), is measured
for different values of the control parameter p ∈ [0, 1],
and for increasing values of R. Here each dot is extracted
from the slopes of linear fits according to CR(θ) ∼ θ
−αθ ,
for θ ≪ 1 (as sketched in Fig. 3a or 3b with the red
dashed lines). Specifically, we used 0.05 ≤ θ ≤ 0.15 radi-
ans, for all values of p, and for both aggregation regimes
(BA/MF or DLA/MF). Each αθ(p,R) follows a power-
law behavior as a function of p, at fixed R, and its initial
value, α0, is dictated by the angular scaling of the corre-
sponding BA or DLA model at p = 0.
III. RESULTS
In the following, the angular correlation functions for
the BA/DLA-MF transitions are computed for differ-
ent values of p, in order to extract the angular scaling,
αθ(p). All measurements of CR(θ) are performed on an
ensemble of 128 clusters, each of which is comprised by
N = 1.5×105 particles. The maximum radius of analysis
4FIG. 3. Angular correlations and scaling. (a)-(b) Log-log plots of the angular correlation function, CR(θ), of the BA-MF
and DLA-MF transitions, respectively, for different control parameters, p, and radii, R. (c)-(d) Angular scaling exponents,
αθ(p), measured at different radii for the BA-MF and DLA-MF transitions, respectively.
is R = 200. For further details see Methods. For compar-
ison purposes, previously computed fractal dimensions
provided by the radial density correlation [18], Dr(p),
will be used. In the case of the DBM, all numerical data
for D(η) is obtained from the literature and listed in de-
tail below.
A. Angular correlation scaling
As a starting point, let us consider the general be-
haviour of αθ in the the BA-MF and DLA-MF transi-
tions. For any value of p, the angular-density correla-
tion of each cluster obeys, CR(θ) ∼ θ−αθ , for θ ≪ 1
(see Figs. 3a and 3b). In these plots, the slope of CR(θ)
(qualitatively indicated with red dashed lines) not only
depends on p, but on R as well. Quantitatively, for dif-
ferent fixed values of R, the corresponding scaling, αθ(p),
is found to follow the power-law,
αθ(p) = α0 + λp
χ, (3)
whose steepness increases as R increases (see Figs. 3c
and 3d). Here, R should be sufficiently large to avoid
finite-size effects. This is better seen by looking at the
behaviour of α0 as p → 0 in Figs. 4a and 4b, where the
angular scaling for R ≥ 40 is presented in log-log plots.
In these plots, we fitted equation (3) to the estimates
of αθ(p) of Figs. 3c and 3d. From these fits, the val-
ues of λ and χ were determined. Specific values for this
parameters are depicted in the corresponding plots, for
measurements performed at R = 40 (dashed line) and at
R = 200 (solid line). As it can be observed, the descrip-
tion that equation (3) gives to αθ is valid for any of value
of p.
In the BA-MF transition (Fig. 4a), α0 converges from
α0 ≈ 0.08, at R = 40, to α0 = 0 as R ≫ 1, in
good agreement with the expected theoretical result for
a space-filling structure, i.e., α = 0. In the DLA-MF
case (Fig. 4b) we found a consistent α0 ≈ 0.41, for p = 0
and R ≥ 40. On average, for 40 ≤ R ≤ 200, our mea-
surements rendered 〈α0〉 = 0.41± 0.01, which is in great
agreement with previously reported results [23], but of
course, still different from the expected radial measure-
ment, α0 = 0.29 [23, 24].
B. Fractality framework
The power-law behaviour of αθ(p), in equation (3), can
be easily related to the fractal dimension description,
D(D0,Φ), in equation (1). This is done by expanding
equation (1) into a power-series up to first-order term,
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FIG. 4. Scaling analysis. (a)-(b) Angular scaling exponents, αθ(p), in log-log scale, for R ≥ 40. (c) Information functions,
Φ(p), for different radii, R, of the BA-MF and DLA-MF transitions, as indicated. In plots (a)-(c), black-dashed and black-solid
lines are for R = 40 and R = 200, respectively, with the parameter values as indicated.
exp(−Φ) ≈ 1− Φ, which yields,
Dθ(Φ) = D0 − (D0 − 1)Φ, (4)
with Φ = Φ0ζ
χ, and Φ0 = Λ/D0. Here, considering that
Dθ = d− αθ, equation (3) is thus recovered after identi-
fying ζ = p, and λ = (D0 − 1)Φ0, while χ remains as in
the original model. In this manner, equation (4) allows
us to treat the angular scaling as a fractal dimension,
Dθ(D0,Φ), defined through the corresponding informa-
tion function, Φ(p). This function can be obtained from
the previously computed values of λ and χ for each R,
using equation (4), see Fig. 4c.
Under this fractality framework, morphological transi-
tions are described by the radial and angular dimensions
of their associated clusters as follows. On the one hand,
radial fractal dimensions, Dr, described by equation (1)
[18], will continuously go from D0 at ζ = 0 towards
Dr = 1 as ζ increases. On the other hand, consider-
ing that fractal dimensions must satisfy the inequality,
0 ≤ D ≤ d [7], we have that the angular fractal dimen-
sions, Dθ, described by equation (4), will critically go
from D0 at ζ = 0, to Dθ = 0, at some finite value of
ζ. Physically, this point where Dθ = 0 corresponds to
the scenario in which clusters have fully collapsed to lin-
ear structures, Dr = 1 (i.e., from the lateral or angular
direction perspective, these structures are seen as near
zero-dimensional or point-like structures). Consequently,
there exists a critical or cut-off point, ζc, defined as the
point where Dθ = 0, which characterizes the limit where
clusters become linear. From equation (4), this point is
given by,
ζc =
[
D20
Λ(D0 − 1)
]1/χ
. (5)
In the radial case, it has been shown [18] that the non-
linearity of equation (1) gives origin to a dynamical in-
flection point, ζi (the point where the rate of change of
Dr becomes a global maximum), given by,
ζi =
[
D0(χ− 1)
Λχ
]1/χ
. (6)
As shown below for the BA/DLA-MF and DBM transi-
tions, these points provide a quantitative measure of the
growth-regime changes along the transition. Specifically,
ζi characterizes the end of the initial growth-regime (BA
or DLA or Eden for the DBM), whereas ζc characterizes
the full collapse to linear structures in the final growth-
regime (MF or 1D regime in the DBM).
C. BA-MF and DLA-MF transitions
In Fig. 5a, the numerical results for the angular and
radial scaling of the BA/DLA-MF models are presented
under their fractal dimension description. The numerical
data for Dr(p) is obtained from previous computations of
the scaling of the radial density correlation function [18].
The numerical data for Dθ(p) comes from the scaling
αθ(p) for R = 200 (see Fig. 4). The radial fractal dimen-
sions, Dr(p) (shown in black), are perfectly described by
the exponential form of equation (1), while the angu-
lar dimensions, Dθ(p) (shown in blue), are described by
the power law form of equation (4). For this analyti-
cal description, the corresponding information functions
were numerically obtained from equation (4), by plotting
Φ(p) = −[Dθ −D0]/[D0 − 1], followed by the use of the
relation Φ(p) = Φ0p
χ, as a fitting function (see Fig. 4c).
The specific numerical values of Λ and χ are presented
in Table I. According to the fractality framework, from
Dθ(p) one obtains pc, this is, the point of full collapse
to linear structures at the MF regime, while pi is ob-
tained from the inflection condition of Dr(p), that is, the
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FIG. 5. Fractality framework. (a)-(b): Angular and radial fractal dimensions, Dθ(ζ) and Dr(ζ), where ζ = {p, η}, for the
BA/DLA-MF and DBM transitions, respectively. (c)-(d): Derivatives with respect to the control parameter, |dD/dζ|. In all
plots, numerical and analytical results for the angular part are shown in blue, while for the radial part in black. Circles represent
the numerical data, solid lines are the corresponding analytical curves, and dashed lines are the analytical curves predicted by
the corresponding counterparts (e.g., Dr→θ is the angular description predicted by the radial part). Dashed arrows are drawn
at the inflection and critical points, ζi and ζc, respectively. Shaded regions indicate the corresponding growth regimes.
point where the initial growth-regime (BA or DLA) ends
and the rate of change of Dr becomes a maximum (see
Fig. 5c). The numerical values of pi and pc are presented
in Table I.
D. DBM transition
In Fig. 5b, the numerical data for the radial and angu-
lar fractal dimensions of the DBM are presented. Here,
the radial fractal dimensions Dr(η) are obtained as the
average of the reliable numerical results reported in the
literature [29–33] (see Table II). For the angular part,
based on the previous results for the BA/DLA-MF tran-
sitions, equations (4) and (5) are used to retrieve the
complete angular information. First, we used Dθ = 1.59,
at η = 1 (the DLA point) with equation (4) to solve for
Λ, leading to Λ = 0.82. Secondly, we used Dθ = 0 at
ηc = 4 (which corresponds to Dr = 1 for the radial part)
with equation (5), to solve for χ, leading to χ = 1.14.
From equation (6), we computed ηi = 0.8, which is the
point of maximum rate of change in Dr(η) and the end of
the Eden regime (see Fig. 5d). These numerical results
are shown in Table I.
IV. DISCUSSION
The following discussion is centred on four points:
(I) the validity limits of the radial/angular equivalence
(Dr = Dθ); (II) the levels of predictability, this is, the
extent to which one can infer the radial/angular descrip-
tions from the previous knowledge of the other one; (III)
the role of both fractal dimensions as non-thermal or-
der parameters; (IV) the unified fractality framework
that the general dimensionality function D(D0,Φ) pro-
vides to the angular- and radial-density correlation scal-
ing results. This includes previous radius of gyration and
mean-field results.
I. Validity of the radial/angular equivalence.
The exponential form in equation (1) and power-law in
equation (4) give an excellent description to the numeri-
cal results for the radial and angular dimensions, Dr and
Dθ, respectively, as function of the corresponding control
parameter (see Fig. 5a and 5b). From these results, one
can observe that the radial and angular descriptions are
equivalent only under certain conditions.
In the BA-MF case (Fig. 5a), the angular and radial
measurements are in good agreement as p → 0. On the
radial part, D0 ≈ 1.94 is close to the usual measurements
found for clusters of this size (N ∼ 105) [24], neverthe-
7FIG. 6. Unified fractality framework. (a) Dynamical and morphological growth regimes under the D(D0Φ) framework.
(b) Universal description, δ(Φ), in terms of the information function (Φ).
less, without further controversy, it is expected to con-
verge to D0 = 2 as N → ∞ [7]. On the other hand,
the angular measurement is consistent with the expected
theoretical value (D0 = 2). Hence, the radial/angular
equivalence holds. However, this is no longer true for
the DLA-MF case, in which D0 = 1.71 is the dimension
for the radial part but D0 = 1.59 is the consistent re-
sult found for the angular part [23, 24]. This discrepancy
cannot be accounted to finite-size effects since the value
for the angular α0 remains constant for different mea-
surements with R ≥ 40 (and up to R = 200 in this anal-
ysis) (see Fig. 4b). Rather, this issue points towards two
different scaling mechanisms of the angular and radial
parts in DLA that arise due to the effects of the inherent
anisotropies developed during DLA growth [23, 24].
Indeed, these observations come together and are bet-
ter understood by looking at the scaling dynamics of the
DBM (see Fig. 5b). In this case, the radial and angu-
lar measurements have an exact match of D0 = 2 at
η = 0 (similar to p = 0 in the BA-MF transition), but
they eventually diverge for η > 0, as growth anisotropies
start to develop. In particular, at η = 1 (equal to the
DLA-MF transition at p = 0), the difference of the ra-
dial and angular measurements is then expected due to
the anisotropies presented in DLA fractal (not finite-size
effects in the measurements). Additionally, this differ-
ence in the angular and radial measurements would also
predicted by equation (1), since by setting D0 = 2, this
equation indicates that the breaking of the radial/angular
equivalence for η > 0 arises from the approximated na-
ture of Dθ in equation (4), which was obtained from the
first-order approximation of the general exponential form
of Dr in equation (1).
Therefore, as supported by the numerical and ana-
lytical results, we can conclude that the often used ra-
dial/angular equivalence, Dr = Dθ, is only valid for ho-
mogeneous compact clusters (such as BA or Eden in the
DBM). Asides from this, unavoidable growth anisotropies
(as subtle as those presented in DLA) render this equality
invalid. Under these circumstances, the interpretation of
Dθ as a formal fractal dimension [10] must treated with
caution (e.g. Dθ = 0 for a linear structure which trivially
has a dimension D = 1). At best, near the homogeneous
compact growth regime (see Fig. 5), the angular fractal
dimension is a good approximation to the real dimension.
II. Levels of predictability. Since Dθ is given by
equation (4), which was derived as a first-order approxi-
mation of the more general form for Dr in equation (1),
let us now explore the extent to which the radial/angular
descriptions can be inferred from the previous knowledge
of the other one.
To this end, let us denote asDr→θ to the predicted val-
ues of Dθ given the knowledge of the radial counterpart
Dr. This is, given that all numerical values forD0, Λ, and
χ are known for the radial dimensionsDr in equation (1),
let us use the same numerical values for the angular di-
mensions Dr→θ in equation (4). Similarly, Dθ→r denotes
the predicted values of Dr given the knowledge of the an-
gular counterpart Dθ. This is, given that all numerical
values for D0, Λ, and χ are known for the angular dimen-
sions Dθ in equation (4), let us use the same numerical
values for the radial dimensions Dθ→r in equation (1).
Considering this, we found that there are no good lev-
els of prediction or inference for any of the BA/DLA-MF
cases (see Fig. 5a). This is, the inferredDr→θ is not equal
to the measured Dθ, nor Dθ→r is equal to the measured
Dr. However, certain level of prediction seems possible
for the DBM (see Fig. 5b). For example, if one attempts
8TABLE I. Numerical results. Elements marked with a star are the values predicted by the corresponding counterparts.
Transition ζ D D0 Λ χ ζi Di ζc Dc
BA-MF p Dr 1.94 ± 0.01 31.8 ± 2.6 1.28± 0.03 0.034 1.76 0.20* 1.12*
Dθ 2 39.1 ± 1.0 1.61± 0.04 0.086* 1.68* 0.24 1.06
DLA-MF p Dr 1.71 29.3 ± 4.9 1.42± 0.08 0.057 1.53 0.25* 1.06*
Dθ 1.59 ± 0.01 18.8 ± 0.5 1.18± 0.06 0.025* 1.51* 0.29 1.04
DBM η Dr 2 0.69 1.36± 0.02 0.82 1.77 3.6* 1.14*
Dθ 2 0.82 1.14 0.35* 1.88* 4.0 1.10
TABLE II. Compilation of DBM results. The average fractal dimension 〈D(η)〉, obtained from the average of reliable
numerical results reported in the literature. Errors in measurements are shown when available.
Data η = 0.5 η = 1 η = 2 η = 3 η = 4 η = 5
Amitrano [30] 1.86 1.69 1.43 1.26 1.16 1.07
Pietronero, et al. [29] 1.92 1.70 1.43
Somfai, et al. [33] 1.71 1.42 1.23
Tolman & Meakin [31] 1.408 ± 0.006 1.292 ± 0.003
Hastings [32] 1.44 ± 0.01 1.26 ± 0.01 1.09 ± 0.03 1.03± 0.02
〈D(η)〉 1.89 ± 0.05 1.70 ± 0.01 1.43 ± 0.02 1.26 ± 0.02 1.11 ± 0.04 1.04± 0.03
Dr(η) 1.87 1.71 1.41 1.22 1.10 1.05
Dθ→r(η) 1.83 1.66 1.41 1.24 1.14 1.08
DMF (η) [34–36] 1.80 1.66 1.50 1.40 1.33 1.29
to recover the radial scaling from the angular part, then,
Dr in equation (1) must be used together with the param-
eters of the angular part, Λ = 0.82 and χ = 1.14 (that in
equation (4) give Dθ = 1.59 at η = 1). This gives as a
result Dθ→r = 1.66, which is a very common and quite
close result to the accepted Dr = 1.71; vice versa, recov-
ering the angular dimensions from the radial part using
the radial scaling parameters Λ = 0.69 and χ = 1.36
(that in equation (1) give Dr = 1.71 at η = 1) yields
Dr→θ = 1.66, which again, is a commonly reported re-
sult, although not as close as to the common Dθ = 1.59
(see Table II).
One possible explanation as to the impossibility of pre-
diction in the BA/DLA-MF cases can be attributed to
the growth characteristics of their corresponding clusters.
Specifically, these clusters exhibit multi-scaling features,
i.e., scaling that depends on the scale of measurement
(self-similarity breaking) [18]. In the DBM case, clus-
ters are self-similar and notably, differences between in-
ferred and real measurements are minor. Therein, from
these results we can conclude that certain levels of ra-
dial/angular prediction or inference, from the results of
one method to the other, are possible just in the case of
morphological transitions characterized by clusters with
well-defined scaling (such as in the DBM).
III. Order parameters. In terms of their morpholog-
ical features, these transitions go from dense or dendritic
branching (disordered states), to linear clusters (ordered
state). In terms of their corresponding dynamical growth
regimes, they go from the stochastic regime, with uni-
form (BA, Eden) or unstable tip-splitting (DLA) growth,
towards the energetic regime, with highly anisotropic
growth (MF or η ≥ 4 in the DBM) (see Fig. 6a).
In general, the (radial) fractal dimension has been used
as a non-thermal order parameter for these systems [32],
however, the characterization that it provides to the dy-
namical growth regimes is limited. Under the D(D0,Φ)
model used in this analysis, a complete set of morpholog-
ical measures is provided by Dr and Dθ in equations (1)
and (4), respectively, along with the inflection and cut-off
points, ζi and ζc in equations (5) and (6), respectively. As
seen in Fig. 5c and 5d, ζi defines the end of the stochas-
tic regime (BA, DLA or Eden) at the point of maximum
rate of change of Dr, whereas ζc clearly defines the highly
energetic regime (MF or η ≥ 4 in the DBM) at the point
of full collapse to the linear regime, in the Dθ = 0 limit
(see Table I).
Notably, these particular ways to define the or-
der/disorder growth regimes have a strong resemblance
(although they are not formally equal) to ordinary
second- and first-order phase transitions. Hence, in this
morphological transitions where D(ζ) might be consid-
ered a non-thermal order parameter with ζ an “effective
temperature”, we have that Dr behaves like a second-
order transitions (with transition point at ζi) while Dθ
like a first-order one (with transition point at ζc).
IV. Unified fractality framework. The D(D0,Φ)
model has been successfully applied to the analytical de-
scription of other quantification methods [18] and quite
recently, to the DBM in any Euclidean dimension [17].
9For example, it has been applied to coarse-grained de-
scriptions, as that given by the radius of gyration,
Rg(N) ∼ Nβ, where N is the number of particles in
a cluster. Here, the fractal dimensions are obtained from
D = 1/β, and described by a first-order approximation of
equation (1), in the form given by exp(−Φ) ≈ 1/(1+Φ),
which leads toD∗(D0,Φ) = (D0+Φ)/(1+Φ). This model
has also been applied to the well-known DBM mean-field
equation [34–36], DMF (η) = (d
2 + η)/(d + η), that be-
longs to the same approximation as the radius of gyra-
tion, with D0 = d and Λ = χ = 1. Thus, considering
that the fractal dimensions obtained from the scaling of
the radial and angular density correlations can also be
treated under the D(D0,Φ) description, the possibility
of a unified analytical framework for fractal/non-fractal
morphological transitions is then evident.
This framework is neatly summarized under the trans-
formation given by δ = (D− 1)/(D0 − 1), that when ap-
plied to Dr in equation (1) (radial-density correlation),
Dθ in equation (4) (angular-density correlation), and D
∗
(coarse-grained descriptions such as radius of gyration
and mean-field theories), we respectively have,
δr(Φ) = e
−Φ,
δθ(Φ) = 1− Φ, (7)
δ∗(Φ) = 1/(1 + Φ).
In Fig. 6, the δ-transformation is applied to the data used
in Fig. 5 (as well as to previous results for the scaling of
the radius of gyration of the BA/DLA-MF transitions
[18] and the mean-field equation of the DBM) and plot-
ted as function of their associated information-functions.
This transformation causes all the data to collapse into
single curves according to their corresponding descrip-
tion (radial, angular, or coarse-grained). In this way,
equations (7) show that the mathematical description of
these systems not only is quite simple, but more general
than previously found [17, 18]. In addition, they demon-
strate the existence of a universal description that, in
particular, is independent of the fractal dimension of the
initial configuration, the geometrical symmetry-breaking
process that drives the transition, and the Euclidean di-
mension of the embedding space.
V. CONCLUSIONS
From the previous discussion, the main conclusions per
point are:
I. The often used radial/angular equivalence, Dr = Dθ,
is only valid for homogeneous compact clusters (such as
BA or Eden in the DBM). Asides from this, unavoidable
growth anisotropies (as subtle as those presented in DLA)
render this equality invalid. Under these circumstances,
the interpretation of Dθ as a formal fractal dimension
[10] must be treated with caution (e.g. Dθ = 0 for a lin-
ear structure which trivially has a dimension D = 1). At
its best, near the homogeneous compact growth regime
(see Fig. 5), the angular fractal dimension is a good ap-
proximation to the real dimension.
II. Certain levels of radial/angular prediction or in-
ference, from the results of one method to the other, are
possible just in the case of morphological transitions char-
acterized by clusters with well-defined scaling (such as in
the DBM).
III. In this morphological transitions whereD(ζ) might
be considered a non-thermal order parameter with ζ an
“effective temperature”, Dr behaves like a second-order
transitions (with transition point at ζi) while Dθ like a
first-order one (with transition point at ζc).
IV. Under the framework provided by D(D0,Φ) in
equation (1), the numerical and analytical results from
different methodologies come together under the trans-
formation given by δ = (D− 1)/(D0 − 1), that when ap-
plied to Dr in equation (1) (radial-density correlation),
Dθ in equation (4) (angular-density correlation), and D
∗
(coarse-grained descriptions such as radius of gyration
and mean-field theories), become equations (7), respec-
tively. These equations demonstrate the existence of a
universal description, this is, independent of the frac-
tal dimension of the initial configuration, the geometri-
cal symmetry-breaking process that drives the transition,
and the Euclidean dimension of the embedding space (see
Fig. 6).
As final remarks, we must point out that fractal/non-
fractal morphological transitions are found in all sorts of
natural and artificial systems, and they are not an ex-
clusive feature of particle aggregation models. Nonethe-
less, these simple models are a powerful asset that al-
low for the systematic study of diverse structural and
structural-dependent processes (over a wide range of spa-
tial scales and organic-like morphologies), which might
be more complicated under other approaches. In this
work, we showed that, despite the morphological com-
plexity of these systems and the different quantification
methodologies, the construction of a unified scaling anal-
ysis framework is possible. We are positive that the mod-
els and results presented here will find creative applica-
tions in current scientific and technological areas dealing
with morphodynamics in complex systems research.
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